
Parallel tempering (PT) is a class of MCMC algorithms that constructs a path of 
distributions annealing between a tractable reference, , and intractable target, , 
and then interchanges states along the path to improve mixing in the target. 
Problem: Past work on PT has only used a suboptimal linear paths constructed 
from convex combinations of the reference and target log-densities. 
Contribution: We extend the theory of PT to non-linear annealing paths and 
propose a flexible family of paths with a tractable algorithm to optimize over them.
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Very little overlap between 
adjacent distributions

Run  chains in parallel targeting  along each path and alternate between 
local exploration and communication moves.
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Parallel tempering
Annealing path:  is a path of distributions continuously deforming between  
and  at 

<latexit sha1_base64="o8Wq8KeYtrS4IG0jxUOuxSDwewM=">AAAB7HicbZBNS8NAEIYn9avWr6pHL8EieCqJWKu3giAeK5i20Iay2W7apZtN2J0IpfQ3ePGgiFd/kDf/jZs2oFZfWHh4Z4adeYNEcI2O82kVVlbX1jeKm6Wt7Z3dvfL+QUvHqaLMo7GIVScgmgkumYccBeskipEoEKwdjK+zevuBKc1jeY+ThPkRGUoeckrQWF4v4X3slytO1XFq9dqVnUGmb3BzqECuZr/80RvENI2YRCqI1l3XSdCfEoWcCjYr9VLNEkLHZMi6BiWJmPan82Vn9olxBnYYK/Mk2nP358SURFpPosB0RgRHermWmf/VuimGl/6UyyRFJuniozAVNsZ2drk94IpRFBMDhCpudrXpiChC0eRTMiG4yyf/hdZZ1b2oOnfnlcZNHkcRjuAYTsGFOjTgFprgAQUOj/AML5a0nqxX623RWrDymUP4Jev9CwWIjtc=</latexit>⇡t
<latexit sha1_base64="9U3kT8MwohTvv/+hq4PD1fbn7lo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBEI8VTFtoQ9lsJ+3SzSbsboQS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dkpr6xubW+Xtys7u3v5B9fCopZNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVbyeynvu/1qza27c5BV4hWkBgWa/epXb5CwLEZpmKBadz03NUFOleFM4LTSyzSmlI3pELuWShqjDvL5sVNyZpUBiRJlSxoyV39P5DTWehKHtjOmZqSXvZn4n9fNTHQT5FymmUHJFouiTBCTkNnnZMAVMiMmllCmuL2VsBFVlBmbT8WG4C2/vEpaF3Xvqu4+XNYad0UcZTiBUzgHD66hAffQBB8YcHiGV3hzpPPivDsfi9aSU8wcwx84nz93/Y55</latexit>⇡0

<latexit sha1_base64="Sam4J80YYemSpdcd6WaVVZ0tAdc=">AAAB7HicbZDNSsNAFIVv6l+tf1GXbgaL4KokYq3uCoK4rGDaQhvKZDpph04mYWYilNBncONCEbc+kDvfxkkbUKsHBj7OvZe59wQJZ0o7zqdVWlldW98ob1a2tnd29+z9g7aKU0moR2Iey26AFeVMUE8zzWk3kRRHAaedYHKd1zsPVCoWi3s9Tagf4ZFgISNYG8vrJ2zgDuyqU3OceqN+hXLI9Q1uAVUo1BrYH/1hTNKICk04VqrnOon2Myw1I5zOKv1U0QSTCR7RnkGBI6r8bL7sDJ0YZ4jCWJonNJq7PycyHCk1jQLTGWE9Vsu13Pyv1kt1eOlnTCSppoIsPgpTjnSM8svRkElKNJ8awEQysysiYywx0SafignBXT75L7TPau5Fzbk7rzZvijjKcATHcAouNKAJt9ACDwgweIRneLGE9WS9Wm+L1pJVzBzCL1nvX5/tjpQ=</latexit>⇡1
<latexit sha1_base64="H4anuMgPhrXK03ZJyE5YwqSv0CE=">AAAB7HicbZDNSsNAFIUn9a/Wv6pLN4NFcCElEWt1IRQEcVnBtIU2lMl00g6dTMLMjVBCn8GNC0Xc+kDufBsnbUCtHhj4OPde5t7jx4JrsO1Pq7C0vLK6VlwvbWxube+Ud/daOkoUZS6NRKQ6PtFMcMlc4CBYJ1aMhL5gbX98ndXbD0xpHsl7mMTMC8lQ8oBTAsZy4co+cfrlil217Vq9dokzyPQNTg4VlKvZL3/0BhFNQiaBCqJ117Fj8FKigFPBpqVeollM6JgMWdegJCHTXjpbdoqPjDPAQaTMk4Bn7s+JlIRaT0LfdIYERnqxlpn/1boJBBdeymWcAJN0/lGQCAwRzi7HA64YBTExQKjiZldMR0QRCiafkgnBWTz5L7ROq8551b47qzRu8jiK6AAdomPkoDpqoFvURC6iiKNH9IxeLGk9Wa/W27y1YOUz++iXrPcv0mSODQ==</latexit>

t = 0, 1

Summary

Parallel tempering on optimized paths
Saifuddin Syed1*, Vittorio Romaniello1*, Trevor Campbell1, Alexandre Bouchard-Côté1

   E-Mail: saif.syed@stat.ubc.ca 

ArXiv 
2102.07720v2

Objective: Want to maximize the round trip rate, , the fraction of samples 
from the reference that reach the target. Round trip rate satisfies [Syed et al. 2019]
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⌧(TN )

Proposition:  Suppose  and  with , 
then as  : 

1. For the linear path   
2.  a non-linear annealing path in the space of Gaussians with 
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⇡0 = N(µ0,�
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⌧ = ⌦(1/ log z)

Linear path is suboptimal even in the space of Gaussian distributions.

1 UBC Department of Statistics, * Equal contribution

Suboptimality of linear path Spline path family

High-dimensional scaling

Communication: Propose swap between chains  and  and accept with 
Metropolis-Hastings acceptance probability  
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<latexit sha1_base64="EwgDOk5QbrzP2R5k0XO6XzpbGPc=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMgCGE35OEx4MVjAiYGkmWZncwmQ2ZnlpleISwBf8KLB0W8+jXe/BsnD0FFCxqKqm66u8JEcAOu++Hk1tY3Nrfy24Wd3b39g+LhUdeoVFPWoUoo3QuJYYJL1gEOgvUSzUgcCnYbTq7m/u0d04YreQPThPkxGUkecUrASv1BwoMMAnnhzYJiyS27tXq14mJLFrCk5jYa9Qr2VkoJrdAKiu+DoaJpzCRQQYzpe24CfkY0cCrYrDBIDUsInZAR61sqScyMny1OnuEzqwxxpLQtCXihfp/ISGzMNA5tZ0xgbH57c/Evr59CdOlnXCYpMEmXi6JUYFB4/j8ecs0oiKklhGpub8V0TDShYFMq2BC+PsX/k26l7NXLbrtaarbvl3Hk0Qk6RefIQw3URNeohTqIIoUe0BN6dsB5dF6c12VrzllFeIx+wHn7BHGUkdE=</latexit>⇡tn+1
<latexit sha1_base64="xA4dD1DjTtZBnsQ3lQ+BG0/xzaI=">AAAB8HicdVDLSsNAFJ3UV62vqks3g0VwFSZpTF0W3LhswT6kDWEynbZDJ5MwMxFKKPgPblwo4tbPceffOH0IKnrgwuGce7n3nijlTGmEPqzC2vrG5lZxu7Szu7d/UD48aqskk4S2SMIT2Y2wopwJ2tJMc9pNJcVxxGknmlzN/c4dlYol4kZPUxrEeCTYkBGsjXTbT1mY61DMwnIF2VXf9S8QRLbnu07VM6TmIs9zoWOjBSpghUZYfu8PEpLFVGjCsVI9B6U6yLHUjHA6K/UzRVNMJnhEe4YKHFMV5IuDZ/DMKAM4TKQpoeFC/T6R41ipaRyZzhjrsfrtzcW/vF6mh5dBzkSaaSrIctEw41AncP49HDBJieZTQzCRzNwKyRhLTLTJqGRC+PoU/k/aru34Nmp6lXrzfhlHEZyAU3AOHFADdXANGqAFCIjBA3gCz5a0Hq0X63XZWrBWER6DH7DePgGuI5Fy</latexit>⇡tn

<latexit sha1_base64="/TDfp//V0YbU4WWg5y3rAvZ6BYk=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgaZmNmt3cAl48SQTzgCSE2ckkGTI7u87MCiHkJ7x4UMSrv+PNv3HyEFS0oKGo6qa7K0wE1wbjDyezsrq2vpHdzG1t7+zu5fcP6jpOFWU1GotYNUOimeCS1Qw3gjUTxUgUCtYIR5czv3HPlOaxvDXjhHUiMpC8zykxVmq2iUiGpCu7+QJ2y4HvBwHC7kUxwD62BJ+VS14JeS6eowBLVLv593YvpmnEpKGCaN3ycGI6E6IMp4JNc+1Us4TQERmwlqWSREx3JvN7p+jEKj3Uj5UtadBc/T4xIZHW4yi0nRExQ/3bm4l/ea3U9IPOhMskNUzSxaJ+KpCJ0ex51OOKUSPGlhCquL0V0SFRhBobUc6G8PUp+p/Ui65XcvHNeaFyvYwjC0dwDKfggQ8VuIIq1ICCgAd4gmfnznl0XpzXRWvGWc4cwg84b5+faJBo</latexit>↵n

<latexit sha1_base64="/TDfp//V0YbU4WWg5y3rAvZ6BYk=">AAAB73icdVDLSgNBEOyNrxhfUY9eBoPgaZmNmt3cAl48SQTzgCSE2ckkGTI7u87MCiHkJ7x4UMSrv+PNv3HyEFS0oKGo6qa7K0wE1wbjDyezsrq2vpHdzG1t7+zu5fcP6jpOFWU1GotYNUOimeCS1Qw3gjUTxUgUCtYIR5czv3HPlOaxvDXjhHUiMpC8zykxVmq2iUiGpCu7+QJ2y4HvBwHC7kUxwD62BJ+VS14JeS6eowBLVLv593YvpmnEpKGCaN3ycGI6E6IMp4JNc+1Us4TQERmwlqWSREx3JvN7p+jEKj3Uj5UtadBc/T4xIZHW4yi0nRExQ/3bm4l/ea3U9IPOhMskNUzSxaJ+KpCJ0ex51OOKUSPGlhCquL0V0SFRhBobUc6G8PUp+p/Ui65XcvHNeaFyvYwjC0dwDKfggQ8VuIIq1ICCgAd4gmfnznl0XpzXRWvGWc4cwg84b5+faJBo</latexit>↵n

<latexit sha1_base64="7OdT5bgsVxmp0zC86Ujy9qxIHWk=">AAACEXicbVDLSgMxFM34rPVVdelmsAh1YZkRa3VXcKO7CvYBnbFk0rQNzUxCckcsQ3/Bjb/ixoUibt2582/MtAW1eiBwzrn3cnNPIDnT4Dif1tz8wuLScmYlu7q2vrGZ29quaxErQmtEcKGaAdaUs4jWgAGnTakoDgNOG8HgPK03bqnSTETXMJTUD3EvYl1GMBirnSt4krWhcHfgSSUkCDvVjtE3iXsIo1S5qYJ2Lu8UHadULp3ZKUnxTdwpyaMpqu3ch9cRJA5pBIRjrVuuI8FPsAJGOB1lvVhTickA92jL0AiHVPvJ+KKRvW+cjt0VyrwI7LH7cyLBodbDMDCdIYa+nq2l5n+1VgzdUz9hkYyBRmSyqBtz21yexmN3mKIE+NAQTBQzf7VJHytMwISYNSG4syf/JfWjontSdK6O85XLaRwZtIv2UAG5qIwq6AJVUQ0RdI8e0TN6sR6sJ+vVepu0zlnTmR30C9b7F9VAnGc=</latexit>

⇡t(x) / ⇡0(x)
1�t⇡1(x)

tTraditionally a Linear path is used:

<latexit sha1_base64="FDoPC8phG2dMy/jIeiI85NREpPE="></latexit>

⌧(TN ) =

 
2 + 2

N�1X

n=0

rn
1� rn

!�1

, rn = 1� E[↵n]

Optimized path flattens 
distributions to improve overlap

 is called the global communication barrier (GCB) and controls the asymptotic 
efficiency of PT. Intuitively can be thought of as the "length" of the path .

<latexit sha1_base64="tVvG9m132xHX8An9b2c0cjJlrbY=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiRiW90VBHHhooJ9QBvKZDJph04mYWYilNCPcONCEbd+jzv/xkkbUKsHBg7nnMvce7yYM6Vt+9MqrKyurW8UN0tb2zu7e+X9g46KEklom0Q8kj0PK8qZoG3NNKe9WFIcepx2vclV5ncfqFQsEvd6GlM3xCPBAkawNlJ3cGuiPh6WK3bVtmuN2iXKSIZv4uSkAjlaw/LHwI9IElKhCcdK9R071m6KpWaE01lpkCgaYzLBI9o3VOCQKjedrztDJ0bxURBJ84RGc/XnRIpDpaahZ5Ih1mO17GXif14/0cGFmzIRJ5oKsvgoSDjSEcpuRz6TlGg+NQQTycyuiIyxxESbhkqmBGf55L+kc1Z16lX77rzSvM7rKMIRHMMpONCAJtxAC9pAYAKP8AwvVmw9Wa/W2yJasPKZQ/gF6/0LNOuPgA==</latexit>

⇤
<latexit sha1_base64="o8Wq8KeYtrS4IG0jxUOuxSDwewM=">AAAB7HicbZBNS8NAEIYn9avWr6pHL8EieCqJWKu3giAeK5i20Iay2W7apZtN2J0IpfQ3ePGgiFd/kDf/jZs2oFZfWHh4Z4adeYNEcI2O82kVVlbX1jeKm6Wt7Z3dvfL+QUvHqaLMo7GIVScgmgkumYccBeskipEoEKwdjK+zevuBKc1jeY+ThPkRGUoeckrQWF4v4X3slytO1XFq9dqVnUGmb3BzqECuZr/80RvENI2YRCqI1l3XSdCfEoWcCjYr9VLNEkLHZMi6BiWJmPan82Vn9olxBnYYK/Mk2nP358SURFpPosB0RgRHermWmf/VuimGl/6UyyRFJuniozAVNsZ2drk94IpRFBMDhCpudrXpiChC0eRTMiG4yyf/hdZZ1b2oOnfnlcZNHkcRjuAYTsGFOjTgFprgAQUOj/AML5a0nqxX623RWrDymUP4Jev9CwWIjtc=</latexit>⇡t

Fix an annealing schedule   of interpolating points on the path.
<latexit sha1_base64="ZqsuVL02E5lxMA+ri1cBhI04akM=">AAACBHicbZDLSsNAFIYnXmu9RV12EyxC3ZRErNVFoSCIq1KhN2hjmEwn7dDJJMxMhBKycOOruHGhiFsfwp1v46QNqNUfBj7+cw5zzu+GlAhpmp/a0vLK6tp6biO/ubW9s6vv7XdEEHGE2yigAe+5UGBKGG5LIinuhRxD36W4604u03r3DnNBAtaS0xDbPhwx4hEEpbIcvTDwoRwjSONW4jRqJemwYydmNTO5bTh60SybZqVauTBSSPUNVgZFkKnp6B+DYYAiHzOJKBSib5mhtGPIJUEUJ/lBJHAI0QSOcF8hgz4Wdjw7IjGOlDM0vICrx6Qxc39OxNAXYuq7qjNdWSzWUvO/Wj+S3rkdExZGEjM0/8iLqCEDI03EGBKOkaRTBRBxonY10BhyiKTKLa9CsBZP/gudk7J1VjZvTov1qyyOHCiAQ1ACFqiCOrgGTdAGCNyDR/AMXrQH7Ul71d7mrUtaNnMAfkl7/wIMa5e4</latexit>

TN = (tn)
N
n=0

<latexit sha1_base64="ZfXSO0c0vV7iMXGNM8muBJiIZcs="></latexit>

0 = t0 < t1 < · · · < tN = 1, kTNk = max
n

|tn+1 � tn|

Theorem:  Given a path , there is a  such that as , 


If we define , then


<latexit sha1_base64="o8Wq8KeYtrS4IG0jxUOuxSDwewM=">AAAB7HicbZBNS8NAEIYn9avWr6pHL8EieCqJWKu3giAeK5i20Iay2W7apZtN2J0IpfQ3ePGgiFd/kDf/jZs2oFZfWHh4Z4adeYNEcI2O82kVVlbX1jeKm6Wt7Z3dvfL+QUvHqaLMo7GIVScgmgkumYccBeskipEoEKwdjK+zevuBKc1jeY+ThPkRGUoeckrQWF4v4X3slytO1XFq9dqVnUGmb3BzqECuZr/80RvENI2YRCqI1l3XSdCfEoWcCjYr9VLNEkLHZMi6BiWJmPan82Vn9olxBnYYK/Mk2nP358SURFpPosB0RgRHermWmf/VuimGl/6UyyRFJuniozAVNsZ2drk94IpRFBMDhCpudrXpiChC0eRTMiG4yyf/hdZZ1b2oOnfnlcZNHkcRjuAYTsGFOjTgFprgAQUOj/AML5a0nqxX623RWrDymUP4Jev9CwWIjtc=</latexit>⇡t
<latexit sha1_base64="wxiav02c2KwRPVkkzDjUEm69D1A=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK4KhmxVncFQVy4qGAf0BlKJpNpQzOZaZIplKHf4caFIm79GHf+jZl2QK0eCBzOOZd7c7yYM6UR+rQKK6tr6xvFzdLW9s7uXnn/oK2iRBLaIhGPZNfDinImaEszzWk3lhSHHqcdb3Sd+Z0JlYpF4kFPY+qGeCBYwAjWRnKdOxP1sTOgY4j65QqqIlSr165gRjJ8EzsnFZCj2S9/OH5EkpAKTThWqmejWLsplpoRTmclJ1E0xmSEB7RnqMAhVW46P3oGT4ziwyCS5gkN5+rPiRSHSk1DzyRDrIdq2cvE/7xeooNLN2UiTjQVZLEoSDjUEcwagD6TlGg+NQQTycytkAyxxESbnkqmBHv5y39J+6xqX1TR/XmlcZPXUQRH4BicAhvUQQPcgiZoAQLG4BE8gxdrYj1Zr9bbIlqw8plD8AvW+xcNUJGl</latexit>

⇤ � 0
<latexit sha1_base64="gSTOU5abQ5pA0UPp5M3PfM/aXzU=">AAAB8XicbZDLSsNAFIYn9VbrrerSTbAIrkoi1uquIIgrqWAv2IQymU7aoZOZMHMilNC3cONCEbe+jTvfxkkbUKs/DHz85xzmnD+IOdPgOJ9WYWl5ZXWtuF7a2Nza3inv7rW1TBShLSK5VN0Aa8qZoC1gwGk3VhRHAaedYHyZ1TsPVGkmxR1MYupHeChYyAgGY93feCA9JkKY9MsVp+o4tXrtws4g0ze4OVRQrma//OENJEkiKoBwrHXPdWLwU6yAEU6nJS/RNMZkjIe0Z1DgiGo/nW08tY+MM7BDqcwTYM/cnxMpjrSeRIHpjDCM9GItM/+r9RIIz/2UiTgBKsj8ozDhNkg7O98eMEUJ8IkBTBQzu9pkhBUmYEIqmRDcxZP/Qvuk6p5VndvTSuMqj6OIDtAhOkYuqqMGukZN1EIECfSIntGLpa0n69V6m7cWrHxmH/2S9f4F5H6RFA==</latexit>

N ! 1

<latexit sha1_base64="5WWw5JcZs+2N3IgXc9w0+BFQjWE="></latexit>

⇤(TN ) =
PN�1

n=0 rn

<latexit sha1_base64="ZLRtnSpjWvF+PrU6oaGCsT3ciQY="></latexit>

lim
�!0

sup
TN :kTNk�

|⌧(TN )� (2 + 2⇤)�1| = 0

<latexit sha1_base64="JPAGAtGPo6JWy2Ei0HY1o2MYU/E="></latexit>

lim
�!0

sup
TN :kTNk�

|⇤� ⇤(TN )| = 0

Given a family of annealing paths , for large , the round trip rate is 
maximized when  is minimized. The GCB satisfies,

<latexit sha1_base64="sRaxvo6J4isG1OJ5iNnCoofyoqw=">AAACBnicbZDLSsNAFIYn9VbrLepShMEiuCqJWKu7giAuK9gLNDFMppNm6GQSZiZCCVm58VXcuFDErc/gzrdx0hbU6g8DH/85hzPn9xNGpbKsT6O0sLi0vFJeraytb2xumds7HRmnApM2jlksej6ShFFO2ooqRnqJICjyGen6o4ui3r0jQtKY36hxQtwIDTkNKEZKW565D53MSeitk4TUU07uZQU5lDutkOaeWbVqllVv1M9hAYW+wZ5BFczU8swPZxDjNCJcYYak7NtWotwMCUUxI3nFSSVJEB6hIelr5Cgi0s0mZ+TwUDsDGMRCP67gxP05kaFIynHk684IqVDO1wrzv1o/VcGZm1GepIpwPF0UpAyqGBaZwAEVBCs21oCwoPqvEIdIIKx0chUdgj1/8l/oHNfs05p1fVJtXs7iKIM9cACOgA0aoAmuQAu0AQb34BE8gxfjwXgyXo23aWvJmM3sgl8y3r8A3QSZZw==</latexit>

{⇡�
t }�2�

<latexit sha1_base64="6Y/UV9Ab15VM3x5aC3ozrTE0AC0=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozYozuAoK4kgTMA5Ih9HRqktaeB909Qgj5AjcuFHHrJ7nzb+xJBtTohYbDrSq66nqx4Erb9qeVW1peWV3Lrxc2Nre2d4q7ey0VJZJhk0Uikh2PKhQ8xKbmWmAnlkgDT2Dbu79M6+0HlIpH4a0ex+gGdBhynzOqjdW46RdLdtm2K9XKBUkh1Tc4GZQgU71f/OgNIpYEGGomqFJdx461O6FScyZwWuglCmPK7ukQuwZDGqByJ7NFp+TIOAPiR9K8UJOZ+3NiQgOlxoFnOgOqR2qxlpr/1bqJ9s/dCQ/jRGPI5h/5iSA6IunVZMAlMi3GBiiT3OxK2IhKyrTJpmBCcBZP/gutk7JzVrYbp6XaVRZHHg7gEI7BgSrU4Brq0AQGCI/wDC/WnfVkvVpv89aclc3swy9Z71/P14z1</latexit>

N
<latexit sha1_base64="isvpb3NmKTmkp90KtLfawbLwx7M=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRire4KgrhwUcE+oIllMpm2QyfJMDMRSuhvuHGhiFt/xp1/46QNqNUDA4dzzuXeOb7gTGnb/rQKS8srq2vF9dLG5tb2Tnl3r63iRBLaIjGPZdfHinIW0ZZmmtOukBSHPqcdf3yZ+Z0HKhWLozs9EdQL8TBiA0awNpLr3phogO9dMWL9csWu2natXrtAGcnwTZycVCBHs1/+cIOYJCGNNOFYqZ5jC+2lWGpGOJ2W3ERRgckYD2nP0AiHVHnp7OYpOjJKgAaxNC/SaKb+nEhxqNQk9E0yxHqkFr1M/M/rJXpw7qUsEommEZkvGiQc6RhlBaCASUo0nxiCiWTmVkRGWGKiTU0lU4Kz+OW/pH1Sdc6q9u1ppXGV11GEAziEY3CgDg24hia0gICAR3iGFyuxnqxX620eLVj5zD78gvX+Bf8tka0=</latexit>

⇤�

Path optimization

<latexit sha1_base64="WZDY8DY/XB4l+SyblFITq9H+SGk="></latexit>

2⇤�(TN )2  N
PN�1

n=0 SKL(⇡tn ,⇡tn+1) ⌘ L�(TN )
Admits tractable 
gradient estimates

Algorithm: 
1) Given , , run non-reversible PT algorithm (NRPT) (Syed et al. 2019) 
2) Use samples to update schedule  using procedure in (Syed et al. 2019) 
3) Update  with gradient decent with loss  
4) Repeat 1-3 until computational budget is depleted. 

<latexit sha1_base64="gThOnSMPp97iyXecow2ZBnCMc9E=">AAAB9HicbVDLSsNAFL2pr1pfVZfdBIvgqiRCre4KgnYlFfqCNpTJdNIOnUzizKRQYn9DNy4UEXf9GHf+jZO2oFYPDBzOuZd75rgho1JZ1qeRWlldW99Ib2a2tnd297L7Bw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpusPLxG+OiJA04DU1Donjoz6nHsVIacnp+EgNMGJxbdK96WbzVsGyiqXihZmQBN/EXpB8OXf9cD99r1S72Y9OL8CRT7jCDEnZtq1QOTESimJGJplOJEmI8BD1SVtTjnwinXgWemIea6VneoHQjytzpv7ciJEv5dh39WQSUi57ifif146Ud+7ElIeRIhzPD3kRM1VgJg2YPSoIVmysCcKC6qwmHiCBsNI9ZXQJ9vKX/5LGacE+K1i3dr58BXOkIQdHcAI2lKAMFahCHTDcwSM8w4sxMp6MV+NtPpoyFjuH8AvG9AuD35Wc</latexit>

TN
<latexit sha1_base64="/OF0MTo+ziQWVXwRwb00y8btGNg=">AAAB63icbZDLSgMxFIbP1Futt1qXbmKL4KrMCLW6kYIiLivYC7RDyaSZNjSZGZKMUIY+gm5cKOJWH8idb2OmLajVHwIf/38OOed4EWdK2/anlVlaXlldy67nNja3tnfyu4WmCmNJaIOEPJRtDyvKWUAbmmlO25GkWHictrzRRZq37qhULAxu9TiirsCDgPmMYJ1a3WjIevmSXbbtSrVyhlJI9Q3OHEq1g/vC5XvxvN7Lf3T7IYkFDTThWKmOY0faTbDUjHA6yXVjRSNMRnhAOwYDLKhyk+msE3RonD7yQ2leoNHU/dmRYKHUWHimUmA9VItZav6XdWLtn7oJC6JY04DMPvJjjnSI0sVRn0lKNB8bwEQyMysiQywx0eY8OXMEZ3Hlv9A8LjsnZfvGKdWuYKYs7EMRjsCBKtTgGurQAAJDeIAneLaE9Wi9WK+z0ow179mDX7LevgBQZpCp</latexit>

�
<latexit sha1_base64="gThOnSMPp97iyXecow2ZBnCMc9E=">AAAB9HicbVDLSsNAFL2pr1pfVZfdBIvgqiRCre4KgnYlFfqCNpTJdNIOnUzizKRQYn9DNy4UEXf9GHf+jZO2oFYPDBzOuZd75rgho1JZ1qeRWlldW99Ib2a2tnd297L7Bw0ZRAKTOg5YIFoukoRRTuqKKkZaoSDIdxlpusPLxG+OiJA04DU1Donjoz6nHsVIacnp+EgNMGJxbdK96WbzVsGyiqXihZmQBN/EXpB8OXf9cD99r1S72Y9OL8CRT7jCDEnZtq1QOTESimJGJplOJEmI8BD1SVtTjnwinXgWemIea6VneoHQjytzpv7ciJEv5dh39WQSUi57ifif146Ud+7ElIeRIhzPD3kRM1VgJg2YPSoIVmysCcKC6qwmHiCBsNI9ZXQJ9vKX/5LGacE+K1i3dr58BXOkIQdHcAI2lKAMFahCHTDcwSM8w4sxMp6MV+NtPpoyFjuH8AvG9AuD35Wc</latexit>

TN
<latexit sha1_base64="/OF0MTo+ziQWVXwRwb00y8btGNg=">AAAB63icbZDLSgMxFIbP1Futt1qXbmKL4KrMCLW6kYIiLivYC7RDyaSZNjSZGZKMUIY+gm5cKOJWH8idb2OmLajVHwIf/38OOed4EWdK2/anlVlaXlldy67nNja3tnfyu4WmCmNJaIOEPJRtDyvKWUAbmmlO25GkWHictrzRRZq37qhULAxu9TiirsCDgPmMYJ1a3WjIevmSXbbtSrVyhlJI9Q3OHEq1g/vC5XvxvN7Lf3T7IYkFDTThWKmOY0faTbDUjHA6yXVjRSNMRnhAOwYDLKhyk+msE3RonD7yQ2leoNHU/dmRYKHUWHimUmA9VItZav6XdWLtn7oJC6JY04DMPvJjjnSI0sVRn0lKNB8bwEQyMysiQywx0eY8OXMEZ3Hlv9A8LjsnZfvGKdWuYKYs7EMRjsCBKtTgGurQAAJDeIAneLaE9Wi9WK+z0ow179mDX7LevgBQZpCp</latexit>

�
<latexit sha1_base64="dKathHvrzz0RdzJORUsDAYx5N/I=">AAACCHicbZDLSsNAFIYn9VbrLerShcGi1E1JhFrdFQRx4aJCb9DEMJlO26GTSZiZCCVk6UZ8CdduXCji1kdw53P4Ak7a4qX6w8DHf85hzvm9kBIhTfNdy8zMzs0vZBdzS8srq2v6+kZDBBFHuI4CGvCWBwWmhOG6JJLiVsgx9D2Km97gJK03rzAXJGA1OQyx48MeI12CoFSWq2/bPpR9BGl8nlzaYZ8Uvoxa4rJ9V8+bRdMslUvHRgqpvsGaQL6yF96VP25rVVd/szsBinzMJKJQiLZlhtKJIZcEUZzk7EjgEKIB7OG2QgZ9LJx4dEhi7CqnY3QDrh6Txsj9ORFDX4ih76nOdEsxXUvN/2rtSHaPnJiwMJKYofFH3YgaMjDSVIwO4RhJOlQAESdqVwP1IYdIquxyKgRr+uS/0DgoWodF88LKV07BWFmwBXZAAVigDCrgDFRBHSBwDe7BI3jSbrQH7Vl7GbdmtMnMJvgl7fUT5z2dlw==</latexit>

L�(Tn)

For any  where ,  we can generate an 
annealing path:

<latexit sha1_base64="qrdpl7aYZ2YX3n6Q6zRjP1qKYVI=">AAACBnicbZDLSsNAFIYn9VbrLepShGARWpCSiLW6EAqCuKxgL9CGMJlO2qGTCzMnQgldufFV3LhQxK3P4M63cdIG1OoPAx//OYcz53cjziSY5qeWW1hcWl7JrxbW1jc2t/TtnZYMY0Fok4Q8FB0XS8pZQJvAgNNOJCj2XU7b7ugyrbfvqJAsDG5hHFHbx4OAeYxgUJaj7/co4BKUL0opOKbCoylZisqOXjQrplmtVc+NFFJ9g5VBEWVqOPpHrx+S2KcBEI6l7FpmBHaCBTDC6aTQiyWNMBnhAe0qDLBPpZ1Mz5gYh8rpG14o1AvAmLo/JxLsSzn2XdXpYxjK+Vpq/lfrxuCd2QkLohhoQGaLvJgbEBppJkafCUqAjxVgIpj6q0GGWGACKrmCCsGaP/kvtI4r1mnFvDkp1q+yOPJoDx2gErJQDdXRNWqgJiLoHj2iZ/SiPWhP2qv2NmvNadnMLvol7f0L5T+W2g==</latexit>

⌘(t) = (⌘0(t), ⌘1(t))
<latexit sha1_base64="PGmHw433pxszkT3K8iT0YsV68YI=">AAAB9HicbZDLSgMxFIYzXmu9VV26CRahBSkZsVYXQkEQlxXsBdqhZNJMG5q5mJwplNLncONCEbc+jDvfxkw7oFZ/CHz85xzOye9GUmgg5NNaWl5ZXVvPbGQ3t7Z3dnN7+w0dxorxOgtlqFou1VyKgNdBgOStSHHqu5I33eF1Um+OuNIiDO5hHHHHp/1AeIJRMJbT4UALpHhVsE9IsZvLkxIh5Ur5EieQ6BvsFPIoVa2b++j0Qhb7PAAmqdZtm0TgTKgCwSSfZjux5hFlQ9rnbYMB9bl2JrOjp/jYOD3shcq8APDM/Tkxob7WY981nT6FgV6sJeZ/tXYM3oUzEUEUAw/YfJEXSwwhThLAPaE4Azk2QJkS5lbMBlRRBianrAnBXvzyX2icluzzErk7y1dv0jgy6BAdoQKyUQVV0S2qoTpi6AE9omf0Yo2sJ+vVepu3LlnpzAH6Jev9CwQOkFE=</latexit>

⌘(0) = (1, 0)
<latexit sha1_base64="T8MRybveSg4YGsqhoQmO3UVNz6o=">AAAB9HicbZDLSgMxFIbPeK31VnXpJliEFqRkxFpdCAVBXFawF2iHkkkzbWjmYpIplNLncONCEbc+jDvfxkw7oFZ/CHz85xzOye9GgiuN8ae1tLyyurae2chubm3v7Ob29hsqjCVldRqKULZcopjgAatrrgVrRZIR3xWs6Q6vk3pzxKTiYXCvxxFzfNIPuMcp0cZyOkyTgl28KuATu9jN5XEJ43KlfIkSSPQNdgp5SFXr5j46vZDGPgs0FUSpto0j7UyI1JwKNs12YsUiQoekz9oGA+Iz5UxmR0/RsXF6yAuleYFGM/fnxIT4So1913T6RA/UYi0x/6u1Y+1dOBMeRLFmAZ0v8mKBdIiSBFCPS0a1GBsgVHJzK6IDIgnVJqesCcFe/PJfaJyW7PMSvjvLV2/SODJwCEdQABsqUIVbqEEdKDzAIzzDizWynqxX623eumSlMwfwS9b7FwWXkFI=</latexit>

⌘(1) = (0, 1)

<latexit sha1_base64="CWNAVOVZkH8GeFxSJ5OyY/BStuI=">AAACIXicbZBNS8NAEIY3ftb6VfXoJViE9lISsbbeCoJ4rGA/oIlhs922SzfJsjsRS+hf8eJf8eJBkd7EP+OmLVSrAwvPvDPD7Ly+4EyBZX0aK6tr6xubma3s9s7u3n7u4LCpolgS2iARj2Tbx4pyFtIGMOC0LSTFgc9pyx9epfXWA5WKReEdjAR1A9wPWY8RDFryclVHMA8Kj0VHyEhAZKa5pfP7xKGANUJxnGr2QrNTzcvlrZJllSvlSzOFNBZgzyGP5lH3chOnG5E4oCEQjpXq2JYAN8ESGOF0nHViRQUmQ9ynHY0hDqhyk+mFY/NUK12zF0n9QjCn6s+JBAdKjQJfdwYYBmq5lor/1Tox9KpuwkIRAw3JbFEv5qZ2IrXL7DJJCfCRBkwk0381yQBLTECbmtUm2Msn/4XmWcm+KFm35/na9dyODDpGJ6iAbFRBNXSD6qiBCHpCL+gNvRvPxqvxYUxmrSvGfOYI/Qrj6xuYrKKL</latexit>

⇡t(x) / ⇡0(x)
⌘0(t)⇡1(x)

⌘1(t)

Given , we can optimize over the annealing path family generated by  in 
the set of linear splines with  knots.

<latexit sha1_base64="D5Nx8mYOKlN2l17Qrl/ddYGTF04=">AAAB7nicbZDLSgNBEEVrfMb4irp00xgEV2EmGKO7gCCCmwjmAckQejo1SZOeh909Qgj5CDcuFHHr97jzb+xJBtTohYbDrSq66nqx4Erb9qe1tLyyurae28hvbm3v7Bb29psqSiTDBotEJNseVSh4iA3NtcB2LJEGnsCWN7pM660HlIpH4Z0ex+gGdBBynzOqjdW66Q7wnpR7haJdsu1KtXJBUkj1DU4GRchU7xU+uv2IJQGGmgmqVMexY+1OqNScCZzmu4nCmLIRHWDHYEgDVO5ktu6UHBunT/xImhdqMnN/TkxooNQ48ExnQPVQLdZS879aJ9H+uTvhYZxoDNn8Iz8RREckvZ30uUSmxdgAZZKbXQkbUkmZNgnlTQjO4sl/oVkuOWcl+/a0WLvK4sjBIRzBCThQhRpcQx0awGAEj/AML1ZsPVmv1tu8dcnKZg7gl6z3L5iEjxk=</latexit>

K � 2
<latexit sha1_base64="a9bCpR3WPfmeBICihE7aIKe4+mc=">AAAB7nicbZBNS8NAEIYn9avWr6pHL8Ei1EtJxFq9FQTxWMF+QBvKZrtpl242YXcilNIf4cWDIl79Pd78N27agFp9YeHhnRl25vVjwTU6zqeVW1ldW9/Ibxa2tnd294r7By0dJYqyJo1EpDo+0UxwyZrIUbBOrBgJfcHa/vg6rbcfmNI8kvc4iZkXkqHkAacEjdXuMSRlPO0XS07Fcaq16pWdQqpvcDMoQaZGv/jRG0Q0CZlEKojWXdeJ0ZsShZwKNiv0Es1iQsdkyLoGJQmZ9qbzdWf2iXEGdhAp8yTac/fnxJSEWk9C33SGBEd6uZaa/9W6CQaX3pTLOEEm6eKjIBE2RnZ6uz3gilEUEwOEKm52temIKELRJFQwIbjLJ/+F1lnFvag4d+el+k0WRx6O4BjK4EIN6nALDWgChTE8wjO8WLH1ZL1ab4vWnJXNHMIvWe9f0RWPPg==</latexit>

⌘(t)
<latexit sha1_base64="kqDxLyg9WhcKsgxpdlzZ2sBteYM=">AAAB6HicbZDLSgNBEEVr4ivGV9Slm8YguAozYozuAoIIbhIwD0iG0NOpSVp7HnT3CCHkC9y4UMStn+TOv7EnGVCjFxoOt6roquvFgitt259Wbml5ZXUtv17Y2Nza3inu7rVUlEiGTRaJSHY8qlDwEJuaa4GdWCINPIFt7/4yrbcfUCoehbd6HKMb0GHIfc6oNlbjpl8s2WXbrlQrFySFVN/gZFCCTPV+8aM3iFgSYKiZoEp1HTvW7oRKzZnAaaGXKIwpu6dD7BoMaYDKncwWnZIj4wyIH0nzQk1m7s+JCQ2UGgee6QyoHqnFWmr+V+sm2j93JzyME40hm3/kJ4LoiKRXkwGXyLQYG6BMcrMrYSMqKdMmm4IJwVk8+S+0TsrOWdlunJZqV1kceTiAQzgGB6pQg2uoQxMYIDzCM7xYd9aT9Wq9zVtzVjazD79kvX8By0uM8g==</latexit>

K

Experiments

Optimized spline path scales 
better than linear path for the 
same computational budget as 
dimension increases.

<latexit sha1_base64="KGjxJcB11buMIvvKNoyphfc1aK4=">AAACCXicbZDLSgMxFIYzXmu9VV26CRahBSkzxVpdCAVBdCMVrAptHTKZTBuauZCcEcvQrRtfxY0LRdz6Bu58GzNtQa3+EPj4zzmcnN+JBFdgmp/G1PTM7Nx8ZiG7uLS8sppbW79UYSwpa9BQhPLaIYoJHrAGcBDsOpKM+I5gV07vKK1f3TKpeBhcQD9ibZ90Au5xSkBbdg63Im5bh2eFFrA7cLzEGtjuTsEsWcWb8qntFu1c3iyZZqVaOcAppPoGawx5NFbdzn203JDGPguACqJU0zIjaCdEAqeCDbKtWLGI0B7psKbGgPhMtZPhJQO8rR0Xe6HULwA8dH9OJMRXqu87utMn0FWTtdT8r9aMwdtvJzyIYmABHS3yYoEhxGks2OWSURB9DYRKrv+KaZdIQkGHl9UhWJMn/4XLcsnaK5nnu/na8TiODNpEW6iALFRFNXSC6qiBKLpHj+gZvRgPxpPxaryNWqeM8cwG+iXj/QtNK5gs</latexit>

⇡1 = N(1d, (0.1)
2Id)

<latexit sha1_base64="J6ouLLuA17QhhUtjUZliIDwjMys=">AAACCnicbZDLSsNAFIYn9VbrLerSTbQIFbRMirW6EARBdCMKtgptDZPJpA5OLsyciCV07cZXceNCEbc+gTvfxklb8PrDwMd/zuHM+d1YcAUYfxi5kdGx8Yn8ZGFqemZ2zpxfaKgokZTVaSQieeESxQQPWR04CHYRS0YCV7Bz93o/q5/fMKl4FJ5BN2btgHRC7nNKQFuOudyKuYN3j0sbLWC34Pqp3XO89RIu22uXlSPHW3PMIi5jXK1Vd6wMMn2BPYQiGurEMd9bXkSTgIVABVGqaeMY2imRwKlgvUIrUSwm9Jp0WFNjSAKm2mn/lJ61qh3P8iOpXwhW3/0+kZJAqW7g6s6AwJX6XcvM/2rNBPztdsrDOAEW0sEiPxEWRFaWi+VxySiIrgZCJdd/tegVkYSCTq+gQ7B/n/wXGpWyvVXGp5vFvYNhHHm0hFZQCdmohvbQITpBdUTRHXpAT+jZuDcejRfjddCaM4Yzi+iHjLdPu7CYYg==</latexit>

⇡0 = N(�1d, (0.1)
2Id)
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 (Galaxy Dataset, ) 

<latexit sha1_base64="5R0kOlpIty0aODhrfD0IIns68sI=">AAAB63icbZDLSsNAFIZP6q3WW9Wlm8EiuCqJWGsXQsGN7irYC7ShTCaTdujMJMxMhBL6Cm5cKOLWF3Ln25i0AbX6w8DHf85hzvm9iDNtbPvTKqysrq1vFDdLW9s7u3vl/YOODmNFaJuEPFQ9D2vKmaRtwwynvUhRLDxOu97kOqt3H6jSLJT3ZhpRV+CRZAEj2GSWf9U4H5YrdtW2a/VaA2WQ6RucHCqQqzUsfwz8kMSCSkM41rrv2JFxE6wMI5zOSoNY0wiTCR7RfooSC6rdZL7rDJ2kjo+CUKVPGjR3f04kWGg9FV7aKbAZ6+VaZv5X68cmuHQTJqPYUEkWHwUxRyZE2eHIZ4oSw6cpYKJYuisiY6wwMWk8pTQEZ/nkv9A5qzoXVfvuvNK8zeMowhEcwyk4UIcm3EAL2kBgDI/wDC+WsJ6sV+tt0Vqw8plD+CXr/QtkbY3W</latexit>

d = 94

Optimized spline path beats the theoretically optimal performance of the 
linear path and significantly improves upon the state-of-the-art PT methods.

The round trip rate is sensitive to both the path and schedule. We need an 
objective for just the path that is robust to the choice of schedule.

Communication barrier of annealing path


